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A computer program for the Frost-Kalkwarf Vapor pressure equa-
t i  on,
Log P = A + y  + C Log T +
was developed, and the vapor pressures and respective Frost-Kalkwarf 
constants were calculated for ammonia, argon, carbon monoxide, normal 
hydrogen, krypton, methane, nitrogen, oxygen, para-hydrogen, propane, 
and xenon. The temperature range investigated was the trip le  point 
to the critica l point. The average deviation in vapor pressure was mea­
sured for every liqu id , and the results were between 0.07% for normal- 
hydrogen and 0.50% for ammonia and para-hydrogen.
The mid point between the trip le  and the critica l points was
chosen as a reference point in the calculation of the empirical con­
stants A, B and C.
The second part of this report was a computer calculation of 
the second v ir ia l coefficient of ammonia, argon, carbon monoxide, 
methane, nitrogen, and propane, using the relation of Curtiss and 
Hirschfelder,
  ________ -AH = i  + / 3
R (1 -  VL/V )  g  ( In  P)/  d( l7rJJ T
The Frost-Kalkwarf equation derivative and the constants B, C,




The results showed good agreement between the calculated values 
in the region above but near the boiling point for every liqu id , but 
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GENERAL INTRODUCTION
This engineering report is divided into two parts:
1. Calculation of vapor pressures using the Frost-Kalkwarf equation.
2. Gas imperfections determined from the heat of vaporization and 
vapor pressures.
The aim of the f irs t  part was to test the Frost-Kalkwarf equation 
on several liquids in the range from the trip le  point to the critica l 
point.
A substantial number of equations have been proposed for the cal­
culation of vapor pressures, most of them in the region between the 
boiling point and the critica l point. For lack of a better name, such 
equations could be called predictors. According to M iller's (1) criterion, 
calculated vapor pressures showed to be within 10% of experimental ones 
in either or both of the ranges : the boiling point to the critica l point, 
or 10 - 1500 mm. of Hg. These two ranges are considered separately since 
some predictors are very good in one range but poor in the other.
The calculation of vapor pressures is rendered d iff ic u lt  by the 
existence of several constants in every equation. The more numerous 
the constants in^the equation, the more d iff ic u lt  i t  is to use the 
equation but the better the results. However, the need is for an 
equation that is practical as well as accurate, and as the Frost-Kalkwarf 
equation has only three empirical constants and covers the range between the
1
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trip le  and the critica l points, i t  could be a good predictor. In order 
to test the equation, eleven liquids: ammonia, argon, carbon monoxide,
normal-hydrogen, krypton, methane, nitrogen, oxygen, para-hydrogen, pro­
pane and xenon were studied, and a computer program was developed to 
calculate the vapor pressures and the average deviations for every 
liquid.
2. The second v iria l coefficient of many gasses may be obtained by using 
the Clausius-Clapeyron equation together with available experimental
heats of vaporization and vapor pressure data. The accuracy of the
calculated second v ir ia l coefficient in some cases is comparable to 
that obtained from good direct P.V.T. measurements. The equation 
used in the calculation is:
PV = -AH -  \ + Æ
RT R (1-VL/V) [d(ln P)/d(l/TJ] ~ 1 V
which is called the relation of Curtis and Hirschfelder. In this 
case the Frost-Kalkwarf equation is used to evaluate the derivative 
and a computer program was developed for the calculations. Values of 
temperature, vapor pressure, liquid volume, vapor volume and heat of 
vaporization were available for the following six liquids: ammonia,
argon, carbon monoxide, methane, nitrogen and propane.
The relation of Curtiss and Hirschfelder is based on the fact 
that at sufficiently low pressures the contribution of third and 
higher v ir ia l coefficients is negligible, and the true second v iria l 
coefficient can be obtained.
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PART I
CALCULATIONS OF VAPOR PRESSURES USING THE 
FROST-KALKWARF VAPOR PRESSURE EQUATION
ER 1282
INTRODUCTION
Numerous equations both empirical and theorical have been pro­
posed for relating the vapor pressure to the absolute temperature.
The simplest theoretical relation is the fam iliar Clausius-Clapeyron 
equation:
Log P = A - (B/T)
where A and B are empirical constants. This equation is derived from 
the thermodynamically exact Clapeyron equation: 
dP/dT = AH/TAV
where AH is the heat of vaporization andAV the corresponding increase 
in volume on converting liquid to vapor. The derivation of the Clau­
si us-Cl apeyron equation assumes: a) that AH is constant and independent 
of T, b) that the vapor is an ideal gas, and c) that the liquid  
volume is negligible. This equation predicts lin e a rlin ity  in a plot 
of Log P versus 1/T.
Thodos (2) in a careful survey of empirical vapor pressure equa­
tions for saturated hydrocarbons has shown that the plot of Log P 
versus 1/T is not quite linear but is really "S" shaped, with a rever­
sal of curvature between the boiling point and the c ritica l point. The 
"S" shape is inherent in the empirical equation of Cox (3) which is:
Log P = An(l - Tb/T) 




An = Ac 10 Exp(l - T»  (F - Tr )
Here Tr is the reduced temperature and Ac, and F are constants.
In order to account for the S shaped form in the plot of Log P 
versus 1/T, Frost and Kalkwarf (4) have developed the following equa- 
t i  on :
Log P = A + S. + C Log T + 2fL
and the purpose of this report is to test i t  on a computer program, 
taking the average deviation on vapor pressure as the best measure 
or performance.
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DERIVATION OF THE FROST-KALKWARF EQUATION
According to Frost and Kalkwarf (4) over the greater part of the 
temperature range (lower temperatures) the log P versus 1/T plot is 
convex upwards. This has been explained quite well as due to a de­
crease in AH as T increases. In particular, i f  i t  is assumed that 
AH fa lls  linearly as T increases but that the other assumptions of 
the Clausius-Clapeyron equation are satisfied, the Rankine equation 
results:
log P = A -  (B/T) + C log T 1.
Now the reversal in curvature occurs at higher temperatures, 
between the boiling point and the critica l point. This is a region 
of high vapor pressure where deviations of the vapor from the ideal 
gas law would be most noticeable. I t  is only logical, then, to con­
sider the effect of such deviations. Being unable to integrate the 
equation in complete generality, an approximate solution u tiliz in g  
the van der Waal s' equation w ill be obtained which contains a f i r s t -  
order correction for the nonideal gas behavior, such that the result­
ing equation should be good up to a reduced temperature of perhaps 
0.8 or more.
van der Waal s' equation
2 .





I f  V in the correction term A/V2 is approximated by RT/P and i f  
the liquid volume is to a f i r s t  approximation equal to b, then the 





As in the Rankine equation, i t  is assumed that AH is linear in 
T, specifically,
AH = AH0 -  C'T 5.
where AH0 and C are considered empirical constants. Substitution
of equations 4. and 5. in the Clapeyron equation
gÇ = AH/TAV 6.
yelds
s  .  MAH. -  C 'T IO  *  | ^  )
RT2
or
" - S i f w f e i  »
or
d(ln P) =/ AH0 _ + aPAH j dT




Equation 9. may be integrated i f  P in the small last term is 
given as a function of T. To a sufficient approximation, consistent 
with our previous assumption, this P may be represented by
which is equivalent to the Clausius-Clapeyron equation. With this 
substitution, the last term in equation 10. integrates as follows:
where i t  has been assumed that the AH of equations 11. and 10. and 
the last term of 10. is constant, this being permissible because this 
is a first-order correction. In the integrated result in equation
11., P has been reintroduced using equation 10. Since RT/AH is of 
the order of magnitude of o . l , the last two terms of equation 11. w ill 
be neglected.
Integration of the equation 11. then results in
p = p0 e “ AH/RT 10
dT
= aP 1 + 2RT + 2R2T2
r2T2 AH 1 ^ 7 ?
+ const. 11




log P = A + ^  + C log T + 2P 13
ER 1282
9
where A, B and C are empirical constants, B and C being negative, and 
D is related to van der Waal's a by D = a/2.30259R2e
ER 1282
DESCRIPTION OF THE PROBLEM
The development of a computer program for the Frost-Kalkwarf
vapor pressure equation:
log P = A + Ê.+ C log T + DÜ  
T T2
includes two main parts :
a) the calculation of the constants A, B and C
b) the calculation of vapor pressures and the average deviation from 
experimental values, using the calculated constants.
The constant D is not calculated in the same way as the former 
constants, because:
0 = a/2.30259 R2 
and a is the van der Waal s' constant, 
a = 27 R2 Tc2/  64 Pc 
Thus, for the general case applicable to the equation:
D = 0.1832 Tc2/Pc
The evaluation of the constants A, B, and C is carried out by 
u tiliz in g  a reference point (P ], T-j) included in a set of vapor pres­
sure measurements, to obtain the normalized expression:
+ C Log ILog P]t - D
p Pi 1 1




When this equation is rearranged, the following linear relationship 
results:
log V  D = B
1 1
T - T + C
Log log I
1
which can be conveniently expressed in the following form: 
Y = BX + C 
where the vapor pressure modulus is
Y = log £  - d /  log
Ti
and the temperature modulus is
X = 1 1
1
Within each set of vapor pressure measurements, a reference point 
(T]»?]) is selected and values of Y and X are then calculated for the 
other measurements in the set. The resulting values of Y and X are 
plotted to produce the linear relationship wanted. The slope of the 
straight line is B and its  intercept is C. Using these constants and 
the reference point (T-j, P-j ) in the Frost-Kalkwart equation, a value 
of A can be found. Since the vapor pressure appears on both sides 
of the equation, the calculation of vapor pressure involves a tr ia l  
and error calculation using the calculated constants and the chosen 
data. On the basis of the experimental and calculated pressures an 
average deviation can be obtained.
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COMPUTER PROGRAM
The solution of Frost-Kalkwarf vapor pressure equation was pro­
grammed for a CDC 809 computer, and a description of the notation, a 
lis ting  of the program its e lf ,  and the runs for every liquid are given 
in appendices I ,  I I ,  and I I I ,  respectively. A description of the main 
steps in the program is presented.
Input Variables
Every computer program had the following input: the experimental
temperature and vapor pressure data and their dimensions for the liquid 
under study, the critica l temperature and pressure, the universal con­
stant R, and the constant 0.1832 used for evaluating the constant D. 
Calculation of D and Selection of the Reference point to Determine the 
Empirical Constants for the Equation
The aim of the f ir s t  set of calculations is to obtain the constant 
D, which is a function of the critica l temperature and the c ritic a l 
pressure. Then, the computer program calculates the empirical constants 
B, and C, using a reference point (P(n), T(n)) to perform the calcula­
tions. The reference point was selected by successive tr ia ls  until 
the best constants were obtained, as judged by the error. In this case 
the middle temperature point between the trip le  and the c r itic a l point 
gave the best results.
Determination of the Empirical Constants B and C
The subroutine STR(Y, X, N, A, B) f its  the best straight line through
12
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experimental points by using the Least Squares method. In the plot 
of Y versus X, A is the intercept point that corresponds to the empi­
rical constant C, and B is the slope of the straight line.
Calculations of the Empirical Constant A
The values of B, C, and D obtained in the f irs t  part of the com­
puter program together with the experimental values for every tempera­
ture and vapor pressure are placed in the A equation, which gives us 
(J) values of A. All of these values must be refined to obtain the 
best value of A, from which we obtain an average value of A; then, the 
square of the deviation of average A, and then the standard deviation 
of A. A normal distribution is assumed for the A values so that a 
confidence interval can be obtained. In this case, after several t r ia ls ,  
a confidence interval of 0.95 was chosen on the basis of the statistical 
table of Pearson and Hartley (5). The values ± 1.96 were used to calcu­
late the lim its of the confidence interval. Thus 
A] = AA - 1.96 x SS/SQRTF(XN)
and
A2 = AA + 1.96 x SS/SQRTF(XN) 
are used to give the 95% values.
The next step is to reach the final A value, which is equal to 
the average A from the 95% confidence interval. I t  is calculated from 
DA = SUM/M
where
M = N - K
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Calculation of Vapor Pressure
The calculation of vapor pressures is a tr ia l and error process 
since the vapor pressure appears on both sides of the equation. The 
f ir s t  approximation is to assume that the Frost-Kalkwarf equation is 
composed by only three terms, so that 
Log CCP = A + B + c log T(J)
or
Ln CCP = 2.30259 (A + JL_ ) + C x In T(J)
T(J)
or
CCP = EXPF 2.30259 (A + JL_ ) + C x Ln T(J) 
T(J)
then
CP(J) = CCP 
Z, = CP(J) 
Z2= EXPF Ln (CCP) + 2.30259 x D x CP(J)
T(J)2
Z, is the f irs t  approximation, and Z 2 is a corrected value basis on 
Z ,that must converge to the true value of CP(J).
By means of continuous tr ia ls , incrementing CP(J) b it to b it ,  
a value for vapor pressure is obtained.
The iterative process in the computer program to calculate the 
vapor pressure was increased for some species to get a better f i t  
to the experimental data.
Calculation of Deviations of Vapor Pressure
After the vapor pressure values have been calculated, the final
ER 1282
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step is the calculation of the average deviation. For this calcula­
tion the equation
DP(J) = ABSF Qp(J) - CP(JT] x 1 ^
is used, where P(J) is the experimental vapor pressure and CP(J) is 
the calculated vapor pressure.
Solution Procedure
The solution procedure begins as soon as the input variables 
have been defined and involves several steps : a) Calculation of D, 
b) Determination of the empirical constants B and C, c) Calculation 
of the empirical constant A, d) Calculation of vapor pressure, and 
e) Calculation of deviation of vapor pressure. The calculation of 
D, PT and RT are made once for each computer run. After these in it ia l 
steps, the program begins the repetitive process using a ll the data.
In order to choose the best reference point several tr ia ls  were 
made with different points such as the boiling, c r it ic a l, and trip le  
points, and fin a lly  with the middle temperature point. The last one 
proved to be the most accurate point, perhaps because the independent 
variable X, or temperature modulus, is only a function of temperature, 
and the middle point among a group of random points is always the best 
way to plot a straight line .
In the calculation of A, a 95% confidence interval was used be­
cause i t  proved to be the most convenient for the data.
Program Output
The program prints out the number of experimental points within 
a 95% confidence interval, the lower and higher A lim its , the con­
stants A, B, C, and 0, the calculated vapor pressures and their ab­
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solute differences with respect to the experimental vapor pressures, 
and fin a lly , the average deviation in vapor pressures for each liquid. 
The results can be found in appendix I I I .
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DISCUSSION OF RESULTS
The vapor pressures were calculated for eleven liquids: methane, 
propane, argon, krypton, xenon, ammonia, carbon monoxide, normal-  
hydrogen, para-hydrogen, nitrogen and oxygen »
The temperature and the empirical constant B are in kelvin de­
grees for a ll the liquids; the vapor pressure is in atmospheres and 
the empirical constant D is in °K^/atm for propane, argon, krypton, 
xenon, ammonia, carbon monoxide, normal-hydrogen, nitrogen, and para- 
hydrogen, and are in mm of Hg and °K̂ /mm of Hg respectively for methane 
and oxygen„
A l is t  of the c r it ic a l, the tr ip le , and the reference points used 
in the calculation for each liquid is given as follows: (Table 1.)
17
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Table 1. C ritic a l, Triple and Reference Points used in calculation 
for each liquid.
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The calculated 61 data points were compared with the experimental 
data of Armstrong, Brickwedde, and Scott (6) between the trip le  and the 
critic a l points. Figures 1. and 2. show the two ranges of methane 
deviations of vapor pressure, for low and high temperatures. The low 
temperature range plot (Figure 1) from 90.0 °K to 165.0 °K shows the 
observed minus calculated vapor pressures in millimeters of Hg ver­
sus temperature in °K; the deviations are both positive and negative, 
with negative deviations no greater than 2.569 mm of Hg. Figure 2 
is a plot of the observed minus calculated vapor pressures in mm of
Hg versus temperature in °K for the region between 165.0 °K and 191.06
°K. From 165.0 °K to 180.0 °K the maximum negative deviation o f 7.217 mm
Hg occurs at 173.0 °K, and from 180.0 °K to the c ritic a l point (191.06 °K)
there is a constant and very high positive deviation, with a value of 
105.584 mm of Hg at the c ritic a l point.
The average deviation in the whole vapor pressure range is only 
0.10%, which is an indication of the good behavior of the equation 13. 
for methane.
Propane
The experimental 19 data points were taken from that of KuToor, 
Newitt, and Bateman (7) between the trip le  and the c ritic a l points.
The reference point for propane was taken as the boiling point, since 
this is the middle point of the data. Figure 3 ., which is plot o f 

















































































































































temperature in °K, shows f ir s t  a positive deviation from the trip le  
point (189.5 °K) to 281.44 °K followed by a negative deviation from 
281.44 °K to 330.70 °K, with a maximum negative deviation at 317.42 °K} 
the maximum deviation is 0.52 atm at the c ritic a l point.
The behavior of equation 13. is considered reasonable since the 
average deviation for a ll the data is 0.43% I t  is possible to define 
three definite regions for the methane and the propane. The f ir s t  
one covers approximately 60% of the whole range of temperature and is 
a region of very low deviations, the boiling and the reference points 
are included in the f ir s t  part.
The second region covers approximately 25% of the whole range 
of temperature and is characterized by a slightly higher negative 
deviation.
The third and last one is characterized by a sudden and very 
marked positive deviation reaching a maximum at the critica l point.
Argon, Krypton, and Xenon
Argon, Krypton and Xenon were tested between the trip le  and the 
critica l points and the data were taken from Bowman, Aziz, and Lim (8).
The Frost-Kalkwarf equation showed similar behavior for the three l i -  
quids.
Argon: 38 data points were tested for argon. A plot of observed
minus calculated vapor pressure of argon, measured on atm x 1(T  ̂ versus 
temperature in °K (Figure 4 ), shows two well defined parts. The f irs t  
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to 149.02 °K and Is a negative-positive deviation with very smooth 
peaks. The second region goes from 142.09 °K to the critica l point 
(150.85 °K), and shows a very sharp downward trend at the critica l 
point, with a maximum deviation of 0.1729 atm x 10 ~ \
The average deviation for a ll the data is 0.12% which is good 
performance for any vapor pressure equation.
Krypton: 42 data points were tested for krypton. Figure 5 
which is a plot of observed minus calculated vapor pressure in atm 
x 10~t versus temperature in °K, shows two distinct parts. The 
f i r s t  one covering approximately 90% of the data, shows both negative 
and positive deviations from the tr ip le  point (115.95 °K) to 202.47 °K 
with a maximum deviation of 0.396 atm x 10"  ̂ at 129.88 °K. The second 
part, covering the remaining 10% of the data shows a sharp drop from 
the 202.47 °K point to 209.05 where the maximum deviation is -1.540 
atm x 10-1 and then a rise to the critica l point where the error is 
-0.9310 atm x 10-1.
The behavior of the Frost-Kalkwarf equation for krypton is quite 
similar to that for Argon. The average deviation in vapor pressures 
is 0.23%, which is good performance for the equation.
Xenon: The experimental data is composed of 37 points. Two main
regions can also be seen in figure 6. which is a plot of observed 
minus calculated vapor pressure of xenon in atm x lO"! versus tempera­
ture in °K. The f irs t  region covering 95% of the data, consists of 
negative and positive deviations with a maximum of 0.589 x 10"! atm 
at 280.80 0K. In the second region, the deviations fe ll sharply to 
the maximum of -1.647 atm x 10”1 at the c ritic a l point.
ER 1282
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Figure 6. Xenon. Observed minus calculated vapor pressure versus temperature.
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The average deviation for the entire range of vapor pressures is 
0.15%.
Ammonia
The experimental data consisted of 23 data points taken from Davies
(9).
Figures 7. and 8. show both the low and high temperature deviation 
plots for ammonia. Figure 7 is a plot of observed minus calculated 
vapor pressures in atm x 10"% versus temperature in °K. From the trip le  
point (195.42 °K)to the reference point (300.00 °K) there is a region 
of smooth deviations', at 300.00 °K the line makes a sudden change 
downward with a maximum deviation of -7.293 atm x lO~  ̂ at 340.00 °Ke
The high temperature plot. Figure 8, is a plot of vapor pressure 
difference in atm, versus temperature in °K, and is also sp lit into 
two regions. The f ir s t  region, from 360.0 °K on to 3 8 0 .0  OK,consists of 
a constant negative deviation with a maximum of -0.14942 atm. The se­
cond region shows only positive deviations with a maximum of 3.00518 
atm at the critica l point.
The average deviation for ammonia is 0.50% over the whole vapor 
pressures range.
Carbon Monoxide
The experimental data consisted of 26 points taken from Smeeton 
Leah(10).
Figure 9. is a plot of observed minus calculated vapor pressure 
in atm x 10"*̂  versus temperature in °K for carbon monoxide. As was 
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Figure 7. Ammonia low temperature range. Observed 























Figure 8. Ammonia high temperature range. Observed minus calculated 
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The f i r s t  one covering about 80% of the whole temperature range is 
a succession of small negative-positive deviations, with maximum 
positive deviation of 0.256 atm x 10*  ̂ at 105.69 °K. The second 
region is a large negative deviation with a maximum of - 4.345 x 10"** 
atm at the c ritica l point (132.92 °K) The average deviation in 
vapor pressure for carbon monoxide is 0.37%.
Normal-Hydrogen
The experimental data of Weber, O ilie r, Roder and Goodwin (11) was 
used for the 40 points selected. For normal-hydrogen the vapor pres­
sures were calculated only from the boiling point to the critica l 
point. Figure 10. is a plot of observed minus calculated vapor pres­
sure in atm x 10"^ versus temperature in °K for normal-hydrogen; the 
maximum deviation, -0.700 atm x 10"^ occurs at 32.500 °K, and the 
error at the c ritic a l point is 6.200 atm x 10'^.
The average deviation in vapor pressures of 0.07% for normal- 
hydrogen is very good performance.
Para-Hydrogen
Experimental data consisting of 22 points was taken from Roder, 
Weber, and Goodwin (12). Figure 11. is a plot of the observed minus 
calculated vapor pressure of para-hydrogen measured in atm x lO"^ versus 
temperature in °K. For approximately 90% of the whole temperature range, 
the deviations is small and negative; i t  then rises to a maximum posi­
tive  deviation of 11.8 atm x lO~  ̂ at the c ritic a l point (32.976 °K).
The average deviation in vapor pressures is 0.50% which is satisfactory. 
Nitrogen
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Figure 12. is a plot of the observed minus calculated vapor 
pressure of nitrogen in atm x 10"^ versus temperature in 0K. This 
figure shows f i r s t ,  a region of very low negative deviations includ­
ing about 90% of the data, and then a region of increasing deviations 
with a maximum deviation of 11.8 atm x 10"  ̂ at 126.00 °K, fa lling  to
a deviation of 8.7 atm x 10"^ at the critica l point (126.20 °K).
The average deviation in vapor pressures for nitrogen is 0.26%, 
which indicates good behavior of the Frost-Kalkwarf equation.
Oxygen
The 30 data points were taken from Brower and Thodos (14).
Figures 13. and 14. are plots of the observed minus calculated 
vapor pressures of oxygen in mm. of Hg and mm of Hg x 10% respectively, 
versus temperature in °K.
Figure 13. shows the low temperature range which is between the 
tr ip le  point and 120.996 °K; i t  is a region of negative-positive de­
viations, with -3.097 mm of Hg the maximum deviation. This low range
consists of about 65% of the whole data.
Figure 14. , the remaining 35% of the data, is the high tempera­
ture range. The f ir s t  60% of this range shows a slow positive rise, 
followed by a series of very sharp negative-positive deviations, with 
maximum deviation of 215.08 mm. of Hg at 150.163 °K.








































































































































































































COMPARISON OF RESULTS AND CONCLUSIONS
Frost and Kalkwarf (4) using their equation on methane and pro­
pane, with the c ritic a l point as the reference point, obtained average 
deviations in vapor pressure of 0.44%for methane and 0.36^for propane, 
against 0.10^and 0.43%respectively for this report.
Brower and Thodos (14) applying the Frost-Kalkwarf vapor pres­
sure equation to liquid oxygen obtained an average deviation in vapor 
pressure of 0.43% using the boiling point as the reference point.
In this work an average deviation in vapor pressure of 0.27% was ob­
tained for the same experimental data.
In a ll the calculations made in this report, the middle point 
of the temperature range, between the tr ip le  point and the c ritica l 
point, was selected as the reference point, resulting in a marked 
improvement in the average deviation in vapor pressure. The aim of 
this study was to test the Frost-Kalkwarf equation on several liquids, 
in the range between the trip le  and the c ritic a l points; except for 
normal-hydrogen where the range covered was from the boiling point 
to the c ritic a l point, a ll the liquids fu lf ille d  this requirement.
A range of average deviation in vapor pressure from 0.10% for 
methane to 0.50% for nitrogen and para-hydrogen, for the whole sa­
turated liquid phase, and 0.07% for normal-hydrogen, from the boiling 
to the c ritica l points, may be considered a good performance for an
40
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equation such as the Frost-Kalkwarf, since i t  has only three empiri­
cal constants.
NOTATION
Constant for equation 13.
Constant for equation 12. 
van der Waals constant 
Constant for equation 13. 
van der Waals constant 
Constant for equation 12,
Constant for equation 13.
Constant for equation 13.
Derivative of vapor pressure
Derivative of temperature
Heat of vaporization
Empirical constant for equation 5.
Vapor pressure
C ritical pressure
Vapor pressure of reference point
Universal gas constant
Temperature












A Empirical constant for equation 13.
AA Average constant A
A(J) Constant A node position
A-| ,A2 Lower and higher AA lim it
ADP Average deviation in vapor pressure
B Empirical constant for equation 13.
C Empirical constant for equation 13.
CP(J) Calculated vapor pressure node position
D Constant for equation 13.
DA Final constant A
DAA(J) Square of the deviation of average constant A node position
DPC Vapor pressure increment
0 Node position
K Counter
N Total number of points in data
NN Total number of points in data minus the reference point
OOP Absolute difference between the observed and the calculated
vapor pressure
PC C ritical pressure
P(J) Vapor pressure node position
P(N) Vapor pressure of reference point
FT Vapor pressure reference point over the square of the
temperature reference point.
RT Inverse of the temperature reference point
ER 1282
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SS Standard deviation in A
TC Critical temperature
T(J) Temperature node position
T(N) Temperature of reference point
X(S) Temperature modulus node position
Y(S) Vapor pressure modulus node position
Z1 First guess of vapor pressure
Z2 Corrected value of vapor pressure based on Z1 that
must converge to the true value of CP(J)
Subroutine STR
A Intercept of the straight line
B Slope of the straight line
SX Sum of the independent variable X
SY Sum of the dependent variable Y
SXZ Sum of the squares of the independent variable X
SXY Sum of the product of X times Y
X(J) Independent variable node position
Y(J) Dependent variable node position
ER 1282
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PART I I  
GAS IMPERFECTIONS DETERMINED 




According to Curtiss and Hirschfelder (1 ), the imperfections of 
many gases may be evaluated by using the Clausius-Clapeyron equation 
together with available experimental heats of vaporization and vapor 
pressure data. The accuracy of the calculation in some cases is 
comparable to that of good direct P.V.T. measurements. In this way 
i t  is possible to learn a great deal about the degree of association 
and the nature of the intermolecular forces in gases for which no 
direct P.V.T. measurements have ever been made.
The Clausius-Clapeyron equation may be written:
dP/dT = Z\H/T(V -  VL)
This equation may be arranged into the form:
pv/ rt = - AH
z R (T - VL/V")lann PJ/'̂ T IT H ]
In elementary treatments the vapor is usually assumed to be 
ideal so that PV/RT = 1 and the volume of the liquid is neglected in 
comparison with the volume of the vapor. When these assumptions are 
made, i t  is easy to integrate the la tte r equation to express the heat 
of vaporization directly in terms of the vapor pressure at two d if­
ferent temperatures. The value for the heat of vaporization obtained 
in this manner with good vapor pressure measurements is usually in 
error by around six percent which may be attributed to the imper­
fection of the gas.
89
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I t  is convenient to express the imperfection of the gas in 
terms of a fu n c t io n ,d e f in e d  by the equation:
VP/ RT = 1 + y9/v 
The equation of state of any gas may be written in the v ir ia l form: 
PV/RT = 1 + B(T)/V + C(T)/ V2 
where B(T), C(T) are called the second, th ird, v ir ia l coefficient 
and are functions of the temperature but not of the pressure» In 
ordinary P.V.T. measurements, the v ir ia ls  can be determined separately 
by varying the pressure while keeping the temperature constant. This 
is not possible in this method since here only one pressure can be 
considered for any particular temperature. However, most of the ex­
perimental vapor pressure measurements are made at pressures su ffi­
ciently low that the contribution of third and higher v ir ia ls  is 
negligible for a normal gas, and for this case i t  can be assumed that 
y3= B(T). For associated gases wherey3 is exceptionally large i t  is 
probable that the third and higher v iria ls  appreciably affect the 




This section shows how the relation of Curtiss and Hirsch- 
felder is obtained from the Clausius-Clapeyron equation, and, also 
the derivation of the Frost-Kalkwarf equation. The Clausius-Clapeyron 
equation is usually written:
dP/dT = AH/T (V - VL) 1.
Here P is the vapor pressure, T is the corresponding temperature,
AH is the heat of vaporization, and V and are the molal volumes 
of the vapor and the liquid, respectively.
Multiply both sides of equation 1. by V,
V dP/dT = AH/T (1 - VL/V) 2.
and le t
dP = P d(ln P) and dT = - T2 d ( | ) .
Replacing these values in 1. and dividing both sides by RT to obtain 
-VP d(ln P) /  RT3 d ( lj  = AH/RTa (1 „ vL/ V) 3.
Rearranging equation 3.:
l + ^ = P V / RT= Rd -  VL7'V) Qd(1nPj/d(lAT| 4.
which is the equation used by Curtiss and Hirschfelder (1) to cal­
culate the gas imperfections. In this work, the equation w ill be used
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with the constants of the Frost-Kalkwarf vapor pressure equation cal 
culated in the f ir s t  part of this report. The term,
(dfln R)/<S(1) } 5.
is obtained from the Frost-Kalkwarf vapor pressure equation,
log P = A + â  + C log T + D E. . 6.
T T2
Letting T' = 1  , and using natural logaritms, equation 6. becomes
In P = A' + B'T' + C In (1 ) + D'PT'2 7.
T'
Differentiate 7 with respect to T ',
^fln p;/̂ T!j = B' -  C/t ' + D 'T'2 + ZPD'T' 8.
Substitute
c)(ln P) = 1  dP and rearrange to obtain 
P




JT' = (B" - C/T' + 2RD'T') /  ( J .  D1Tl2) 10.
fin a lly  substitute 10 into 8 with T = to obtain
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S(ln P j /^ i )  = B' -  CT + D '/t2
2PD‘
h
B'- CT + 2PD'/T
/ P -  ° ' / T2
11.
where B, C and D are the Frost-Kalkwarf constants, with B' = 
2.30259 x B, and D' = 2.30259 x D.
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DESCRIPTION OF PROBLEM
A computer program was developed to calculate the gas imperfec­
tion [ i  using the equation of Curtiss-Hirschfelder,
-AH
= 1 + /?RU -  VL/V)rd(ln y / ^ Q )
V
Experimental values of vapor pressure and temperature were used 
with the Frost-Kalkwarf vapor pressure equation and its  constants B, 
C, and D, to calculate the term,
<5(1 n py J d / j . ) .
Combining this term with the experimental values of heat of vapori­
zation and liquid and vapor volumes, the gas im perfectioncan be 
calculated. In the computer program, equation 4. was arranged so 
that the term at the right could be called XM, as follows:
XM = 1 +/3  
V
and therefore,




The Curtiss-Hirschfelder equation for Ammonia, Argon, and Pro­
pane was programmed for computation on a CDC 8090 computer; for Car­
bon Monoxide, Methane and Nitrogen an IC-4000 computer was used.
The notations used in the programs, the typical lis tin g , and the 
corresponding outputs are presented in appendices I ,  I I ,  and I I I .
The most important parts of a typical program w ill now be discussed. 
Input Variables
Input variables for the computer program are the temperature, 
vapor pressure, liquid volume, vapor volume, entalphy difference, 
their dimensions, and the constants of Frost-Kalkwarf equation B, C, 
and D.
Solution Procedure
After defining the input variables, the next step is the calcu­
lation of the derivative used in the Curtiss-Hirschfelder equation. 
Then, with the rest of the values known, the value of beta can be 
calculated. All of these calculations are very simple and no assump­
tions are necessary.
Program Output
Successive values of beta, the liquid and vapor volume, tempera­
ture, vapor pressure and heat of vaporization were printed out, as 
well as the number of experimental points, XM, the constants B, C, 




The second v ir ia l coefficient was calculated for six liquids: 
Ammonia, Argon, Carbon Monoxide, Methane, Nitrogen, and Propane.
The constants B and D, calculated in the f ir s t  part of this report 
are in °K, and °K2/atm, respectively.
AMMONIA
21 data points were taken from Davies (3 ). The temperature 
is in Kelvin degrees ; the vapor pressure is in atmospheres; the l i ­
quid and vapor volumes are in cubic centimeters per mole, and the 
heat of vaporization is in calories per mole. Figure 15. is a plot 
of second v ir ia l coefficient f t  for Ammonia, in cubic centimeters 
per mole, versus temperature in Kelvin degrees. I t  shows a compari­
son of the curve calculated in this report with that of Davies (3).
The calculated values have a range of temperature between 200 °K and 
400 °K, while the values of Davies (3) are between 273.16 °K and 
373.16 °K . The two curves are very close, indicating good perfor­
mance for the equation.
( Table 2. is a comparison of four points for ammonia. )
Argon
The experimental data consisted of 68 points taken from Gosman, 
McCarty, and Must (4). The temperature is in Kelvin degrees; the vapor 
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Figure 15. Ammonia. Comparison of the calculated and the 





Comparison of calculated and Davies second v ir ia l coeffi­
cient between 273.16 OK and 373.16 °K.
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Temperature P. Davies Calculated








per l i t e r ,  and the heat of vaporization is in Joules per mole.
Figure 16. is a plot of second v ir ia l coefficient /^ , for Argon 
in lite rs  per mole, versus temperature in Kelvin degrees, and i t  com­
pares the second v ir ia l coefficient calculated by Gosman, McCarty, 
and Must, and that calculated in this report. The former has a 
range of temperature between 90 °K and 150.0 °K, and the la tte r  
between 83.8 °K and 150.0 °K.
Table 3. is a comparison between seven points of Gossman, Mc­
Carty and Must (4) and the calculated data. Large deviations are 
present at both extremes but most of the points show very good agree­
ment. (See Table 3)
Propane
The 18 data points used to calculate the second v ir ia l coefficient 
for propane were taken from Kuloor, Newitt and Bateman (5). The 
temperature is in Kelvin degrees, the vapor pressure is in atmos­
pheres, the heat of vaporization is in calories per mole, and the 
liquid and vapor volumes are in cubic centimeters per mole. The 
range of temperature is 189.50 °K to 367.18 °K; the boiling point 
is 231.10 °K.
Figure 17. is the plot of calculated second v ir ia l coefficient 
of propane, in cubic centimeters per mole, versus temperature in 
Kelvin degrees. The curve is well behaved which indicates that the 
calculated values are probably reasonable. Moreover, a comparison 
of the second v ir ia l coefficient calculated in this report, with 
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Figure 16. Argon. Comparison of the calculated and the Gosman, McCarty and 




Comparison of calculated and Gosman, McCarty and Must 
second v ir ia l coefficient for the range of temperature 
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coefficient at 231.04 °K showed 710 cc/mole for the f irs t  one, 658 
cc/mole for the second one and 700 cc/mole for the last one, which 
can be considered very good agreement between the calculated and 
observed values.
Methane
The 18 data points used to calculate the second v ir ia l coef­
fic ien t of Methane were taken from Tester (6 ). The temperature is 
in Kelvin degrees, the vapor pressure is in atmospheres, the liquid  
and vapor volumes are in cubic centimeters per mole, and the heat 
of vaporization is in calories per mole. A range of temperatures 
between 100.0 °K and 185.0 °K was used.
Figure 18 compares the second v ir ia l coefficient calculated in 
this report with those of Thomas and Steenwinkel (7) and Byrne, Jones 
and Stave!ey (8). I t  is noted that the points closest to the critica l 
point, in the curve of the calculated second v ir ia l coefficient, show 
the largest deviations from the other two curves. Table 4. is a 
comparison of several of the data points used to plot the curves of 
figure 18, and the observed and Curtiss-Hirschfelder second v ir ia l 
coefficients at 111.55 °K. (See Table 4)
Nitrogen
57 data points were taken from Strobridge (9). The temperature 
is in Kelvin degrees, the vapor pressure is in atmospheres, the l i ­
quid and vapor volumes are in cubic centimeters per gram-mole, and 
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Figure 18. Methane. Comparison of the calculated.
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the Thomas & Steenwinkel, and the Byrne, 




Comparison of second v ir ia l coefficients as calculated 
in this report, with the Thomas & Steenwinkel, Byrne,
Jones and Staveley, Curtiss and Hirschfelder, and observed 














































































weight of Nitrogen used in the calculation is 28.016 grams per gram- 
mole. The range of temperature used in these calculations was between 
71.0 °K and 126.0 °K.
Figure 19. is a plot of the second v ir ia l coefficient of Nitro­
gen in cubic centimeters per gram-mole, versus temperature in Kelvin 
degrees. The figure compares the curves calculated in this report 
with the data of Strobridge (9), The two curves are at f i r s t  very 
close together but as the c ritica l point is approached they d r if t  
apart, with the calculated curve being the upper one.
Table 5. which is a comparison of the Strobridge data (9) and
the calculated second v ir ia l coefficients for Nitrogen between 77.364 
°K, the boiling point, and 120.000 °K shows very good agreement in
the region near the boiling point. (See Table 5 .)
Carbon Monoxide
The 18 data points used to calculate the second v ir ia l coeffi­
cient of Carbon Monoxide were taken from Leah (10). The temperature 
is in Kelvin degrees, the vapor pressure is in atmospheres, the liquid 
and vapor volumes are in cubic centimeters per mole, and the heat of 
vaporization is in calories per mole.
Figure 20. is a plot of the calculated second v ir ia l coefficient 
/ ) ,  for Carbon Monoxide, in cubic centimeters per mole, versus the 
temperature in Kelvin degrees, in the range of temperature between 
the boiling point, 85.36 °K, and 129.85 °K.
No data was available for comparison with the calculated second 

































Figure 19. Nitrogen. Comparison of the calculated and the 





Comparison of calculated and Strobridge's second v ir ia l 
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The relation of Curtiss and Hirschfelder, used with the Frost- 
Kalkwarf equation, performed quite well with a ll of the substances in 
the range of temperature near the boiling point. No information was 
available for the second v iria l coefficient of Carbon Monoxide.
However, large deviations were found for the second v ir ia l coef­
fic ien t of points lower than the boiling point and for those near the 




A Empirical constant for the Frost-Kalkwarf equation
A' Constant for equation 7.
B Empirical constant for the Frost-Kalkwarf equation.
B(T) Second v ir ia l coefficient.
B‘ Constant for equation 7.
C Empirical constant for the Frost-Kalkwarf equation.
C(T) Third v ir ia l coefficient.
C Constant for equation 7.
D Constant for the Frost-Kalkwarf equation.
O' Constant for equation 7.
AH Heat of vaporization.
P Vapor pressure.
R Universal constant of gases.
T Temperature.
T' Inverse of temperature.




Gas imperfection comparable to the second v iria l coeffi­





B Empirical constant for the Frost-Kalkwarf equation.
BETA(J) Gas imperfection node position.
C Empirical constant for the Frost-Kalkwarf equation.
D Constant for the Frost-Kalkward equation.
DER(J) Derivative of In (P (J)) respect I '  for equation 8. at
node Jo
DG(J) Vapor density node position.
DH(J) Heat of vaporization node position.
DL(J) Liquid density node position.
J Node position.
N Number of experimental points used for the calculation.
P(J) Vapor pressure node position.
R Universal constant of gases.
RT Inverse of temperature.
T(J) Temperature node position.
V(J) Vapor volume node position.
VL(J) Liquid volume node position.
XM(J) Side of the equation 4. containing the derivative.
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APPENDIX I I I  
COMPUTER PROGRAM OUTPUT FOR EVERY LIQUID
Ammonia
ER 1282 123
»  CM h - nr)
r-t O
OC r - l {V; CVJro to ro oo 
CM O  CO iO 







D i O  sO O  O' in  4 f—t ■
(3 Xj CM 4 -1 co in  4
W ’ r—t CM X> 4 in x: 4  CO
CO CO O  CM CM O'
u..- 50 50 co r— n  co















CO O' O' r -  cm r -  m in  in
Q  O UJ cm r~ in in CM <0 in  xd
o > 14  O 4  O XG r—€ CO CM
h- CO X) c- co o r-t CM xd r -
Z  • * - *  •
4  O < CO CO r-l r~~| 4 o  O
t -  r^ > I x; r-e h- CO o* in CM O'
V> CM o  o O' O' CO CD oo r -
z X i CO CO CM CM CM CM CM CM
















1 GO • x> n m in m  n O' o
II » CM iO  o o  o O  O O' o
O  00 o O' o
(/> 00 > UJ LU LU W Ui LU O' OH- y— * P- x> o f—t O' •  •
Z Z  4 X O' CO O  O' O' o cd in»—i 4  t 4 00 X) ro O ao cm CM O
o *— > _ l r—1 O' in  co r—I *—4 o  tn












X 1 • 1
UJ 1 _J 1
1 o
tl_ 1 x> > o  o o  o o  o o  o
o » 4 -J o  o o  o o  c o  o
1 > a o 4 ro m O' ■ X) X) o
cc or o co r- r-4 in O' 4 O' in
w » ZD X •  • •  • # • •  »
cn y— co 3- u ro co 4  4 4  in n  x>
z z  in — 4 u M CM CM CM ,M CM M fM













CM CM I I




oc o  
sC 50 
O' sO 
•  • 
in m
CM r-l h- h- 
OJ CM I I
O O 
O Oo o 
o  o  • •
x? tn
X) 4  
O J) 
CM t~*
o  o  c o 
O' 4




r—! Lftm mrl O'
ro  O ' oo r*-




•  m 
xO 4
0  o  
r -  h- 
CM CM1 I
o  o  
o  o  





o  o  
o  o  aoj 
O' O' 
* « 






CM r -t  4  r - l
xO CM ^  CM 
X ) X )
r-# nr- in
m
O' MCM in50 cotn |cm • • •
00 O' I X  




o  o  
o  o  
o  o  
—« 4  
# •  
sO o  
O' 4
x> in
o  o  
o  a  
O' 4  
O' CM 
# * 
r —t  ro
ro cn
o  o  
o  o  
o  o  
CO O' 




O  o  
o  o  
CO 50 r~ ir.
4  X5 
"O CO
(Mf̂  N r- ao 
X) ac x> o' in x> n h» in in 4  co
o  o  
o  o  
o  o  
O  X5 
•  •  
h -  CM 
4  00 
CM *
O  C
o  o  
ro —•




















M 50 m  ro*
4 -J o X) 4 ro ^
»- C  00 f t  \D —t CM
UJ Z  o r -  r» M 4
JC X  • * ■ •
U  in 4  ÎM xd r -
* U  O' CM X o' m
r-4 X) O' xd in




O  O o  o o  o
Z  o  o  o o  o
X  o o  o o  o
X _J O o  o o  o
c 4  •
U  r-t r-t 4 n  in
0D O' O' 00 XD
O' ao r- xd in





in in xd r - CM 4
LU ce m m 4 CO CM
X h- 30 ro O' *—<
X 4  O ro in o
•  •







h - O o  o o  o
< o o  o o  o
X X o O  o o  o
IU o o  c o  o
X • • *
z o o  o o  o
u o - t  CM no 4
t— CM CM CM CM CM
ER 1282
124
x> ,sO >  0 0 O  O  1
sD h - m  r - o  c c
P» \C GO vC O
<o r - GO h - O  r H
m-* «—I m  t n x C  «—*
i n  o o r> o> XÛ
m CXI r v i  c v i
i  i 1 1 I  i
o  o o  o o ' l
o  o o  o o  o
o  o o  o o  o
o  o o  o o  o
«  • e  *.
i n  g o <—« (< - CXI xC
• d - « -i: c c  m c c  — i
- *  m r-4  o 2 0  N -
i n  i n i n  i n < t
o  o o  o o  o
(XI <0 O  vC c x i t n
c i  a i x C  < h i n  o o
xO i n h -  < h XO
Oxi r o  i n r -  o
•—4
o  o o  o o  o
c  o o  o o  o
o  o O  o o  o
c  o o  c o  ©
•  #
o  o o  o o  o
- n  o 2 0 O  O
(XI C\J CXi CX! c v i r o
20 n 3  <h " ^ tn <- O  i © o o
-d* «-* r-t CO GO © ro  o ro  —•
• -*  ro O  O' O  r- t x t xO o  o
©  o >0 O >0 xt- xO r - r*- •—#
O ' 00 ©  n O  xC XI 00 n  o
r—1 O ' 20 xO n  ro XI © >  00
r\J r - t —* f—t "—I r—• : r-4 1 1
1 1 1 1 I  1 1 I
©  © o  © ©  © ©  o o  o
o  © o  o o  © ©  © ©  o
©  o ©  O ©  o ©  © ©  o
o  o ©  © o  o o  o ©  ©
e •
00 x * xo n xC in ro h - h -
ro  tn x t r - t in  >o (XI CVI xC • f
n ro rHI O ' xo ro O  sO O  CM
S t >* x t ro ro  m ro  cxi (XI r-t
©  © ©  o ©  o o  © ©  O
ro  © ©  o o  o ©  *o ©  ©
xO O ' O  CXI O ' © < t © « t ©
o  < t o* < f —t < t r-t VO 0  sn
*  • •  • ■ *  *
S t CO ro  © 30T - CO © x t —t
f—# r—$ m  ro ro  - t n  f^x CO O
•—I
©  o o  o o  © ©  © ©  o
o  o ©  © o  o o  o o  o
o  © ©  © o  o o  © ©  ©
o  o ©  © ©  © o  o c  o
•  • •  • •  * *  •
o  o o  o o  o ©  o o  o
1—4 XI O  < t m  xO r— oo O ' O









































































O  1 o
1 Is- -
Cl  x o
w •
2C: 1— *—HI
z  z d
=> <r d




d O' O' A d
X co r- CO <
r cr < A nC
CD p- m ro c
P- Is- Is- Is- p-




ro o  co ft O'
w X A X A CC
o A A ro ft d
*-* d f* x A CC
t— kC • • «
<  O O CD h- If
O ft ft o O C
t-t CC X cc CD OC
Q C  I 1 1 1 »
w
o
• d tn O' A d
z  cr f« ro d Is- c
LU UJ O O r-t A d
O t— r-4 f—4 0—
t—t • *  * e itn _j




Û I— X d  ro ro x
*—« A to X Is- X
O _J —t x  ro co ro
*-4 X d A A o o
3  _| • * * • <
3 o in m in in dz to ro ro to ro
_ i
x> LO in *-« Al AIoo cr vC aj vC ix 
O' cd c  Ol IT f<- in ai oo in Ai x> x x) in x» in 
O' O' O' O'; O' O'
h- f-4| \DO' !m ol m  
in m r-t
•  *1 •^ m Ai ^ o
X Ai M»-t ro ooAt r- œ- o| O' O'
0 o
00 001 I
r- o o in r-








-d- -d-m  m
O' oc O' O'r- r-i i
CO O' Al AJ Al d Al A
p-t 00co r- in O'
r-< O'
d  m ro n
O  X) —« O' X Ox —«i ai M  rr
m od O' oc x  rCO di O X Al OC d did mj oo A  O' O' O' O' ! O' O'
x  a  œ ro in r-*' o' oi x  in
r-t; r-4 O' A! Al Aij d X! o  d
p̂ ! x  in in dO': O' O'; O' O' f*- f*- f** Is-I I I I I
m  od MX OC Al A
c r-
x  A ro N- 
o. x
ro ro ro ro
A  O' 
r - t  X  
r-t roro ro
O CD 0C rH o dm n
ro ro 
<o ro
r - t  Od roX O' ro ro
r-t O'd d Is- o
r - t  c
ro cn ro ro
O' XI X X) Xin co h- in o cocc ai d in in aro O'! d O'; d O'
Al —« r-l o O O'O' O' O' O' O' CD
in xCO d 
CO r-t 
CO d * * ro m O' O' h- Is- 
i i
in h- ro tn A  X) d d • *
—« d 1 ro h-d X r —« C O  O X) Is- d0 x ro • •to A  A  A O' O' O' O' 
h— P— P— Is-1 I I I
A O d A CO X 
C L  X
p- x in d O' tn ro ro co a  x  o d mi in x •
O' AX; C-
ro m, —■ oi
A  A A  A  Aro ro to ro ro to
to O' 00 A 
X -4 d A
d d ro A  X X
O  d  A  O '  O  O '
O X) O' H  A  —d oc a  r**! '*■« in
O' CD, X  Is-- Is-  XX C0 00 CC' X OC
A  d in O' X X O' A  P- Ax xl in Is-! xO' X X  X O'* *1 » * »
•—t r—« #—« #—«O' O' O' O' O' Is- p-i i i i i
roin O'd aoX X
X P-X d P- O' Is- ml
O' X; X Xin dim O'
ro coi r- p-







d A O X
r - t  0—4 0 -4  O
to to ro ro to ro
Is -  — t







r - t CC
ro in • *
A A  
O' O' 
Is- Is-1 I
O  r - t
O' in 
d  o  
O' O
Is- dd o 
n xX d • •































30 00 Ch (V 
O  CX m so
n  ru 00 cc
tn o 
\Û o  m vc r- cxi
m
Ch O ' 
r -  h - 
i f
> * sÛ
«—t -4  












*  # 
< * in  
O ' ch 
h- h- 
f  t
m  co  






4 - exil 
m  4 -
m  oo ua vo 
h- m
«— e Ch 
* * 
vC o  
(h  Ch 
h- h- 
i i









r -  r»0 oo





4  O' 
X h- sO h-
4- ru «-» CXJ
h- m 





0  ru\C xC
Ch O  
Ch o  
h -  CD1 I
in  o
O <h 
•—t 4  
h - CO
m  4  
h -  r —
O  xO
ch cn
h -  00 
0 0  Ch
i> - o  
tn  r -  
>£ t r
Ch o
m  m  
r~- h-
4 4 m 




















ru  cxi o  4
n  cxi m r- 
r -  tn  o 1 e  
rH r-tl O  O














m  ch  
xo m i
in  o
h*> ext h -  en  j o  co
•  «i #
xc x  Oh " il en 4
o  o  o  
CO flOi ao CO 00 30 • I I I I 1
CO Ch
eu  4  
(h  en  
tn  r -
tn  4
CD 4  
CD O
xû tn  
eu





tn  h -
m ru
«—» h - 
Ch r




en tnr—t oo 








































n 43 4 n
xc ce h- tn 
en ce (v m
(U  0  43 xC
—4 ch xD m
n  4  4  4
m oo 
en! en en30 CD CC 
I  I  I
r-t n




h- 4  xC 50
xO r-t 4  O ' xO
m ch x tn h -ch x - eu oo intn co m chCD• • •  • •
r-t 4 -: X  •—i tn4 4 4 tn tn
X x x x x
1 I I  1 i
o  tn 
en h- 
xD eu
oo 4  
ch h- 
r-H ru




































X  X  
(U  cu
CU Ch
x -  m  
m  o
r - Ch 
e •
X  h -
cu  ru
o  en 
Ch h ' 
43 ru 
x c  4
h - h -  
(U (U
en x£
C  h -
co  ru
r -  Ch 
e #









r—f CC • •
xc tn
CU (U
ch tn  r-i en 
n  xD m eu 
•  *  
m  m  
ru  ru
xC Ch
4  m |
tn  m
Ch x£
4  4  
CU (U
o  oO —<■
o  tn  
m  (h
4  en  
eu cu
® M 
4  3  
3 0  Ch 
tn  r—
en m  
ru  eu
x  n  
n - m
cu cu  
eu ru
h - Ch
x  cx> 
r -  43
c o  ro j
(U cu
tn r-< xO •—«
O O 4  xC
Ch 4  r -t
h- r-» en 4
c  O 1 <h X  


















































(\J (V»l (VI (VI (VÎ (V

























































o  o  
o  o 
o  c  
o  sfr 
# • 
CO C 4) m 
in m
43 43
o  o  







O o  



























































































© © © © © O 
fr- © 
# * 




©  ©  ©  ©  
o o'© o 
o ©jo © 
fr- 43 CD 
•  •  •
O' O' cc fr. 
»—i fr̂j ro O' 
© O' O' 00











































































































































o © o © © o 
in  cvi 
•  •  





















































© © © © 









(Xi O' fr* sfr (VI
fr* sfr (Vi o oc
(VJ (V) (V(VI *—i1—1#—4 p—4» * » # *

















O' o >c m 
*  * 
CD If l 
OJ xC





o  o  
c o 
o  o  
o- o  
# * 
M  m  
(VI cvi
o o 
o  o  
o  o  
m  CD
o  ro 
o  ro oo f— 
sfr sfr
r -  m  
ro  r -  
co ro00 nC • •LO
r—I «—<
O o  
o  c  

















'  fr- xû LO sfr sfr (Oro ro
 ̂ r-4 O' fr* Ifl (O - i O' fr
-i #-» C O O o  c - O' o
- v—< #—4fS rH r—t r—o  o
• e * • » • «
1 1 1 1 1 1 1 1
r o  o O o O c O O
r o  o o  o o  c O O
r o  o o  o o  o O O
- (VI fr* fr* oc O' fr fr* o
• •
f] r-t m fr- >0 (vi tr sfr O'
r (vi sfr xC oc O r- (VI (VI
Il LO sfr ro (vj (VI r- O O'
H ^  sfr sfr x* Sfr x* sfr ro
D xO 00 O' xCC0 rH m fr-
u ui cr tn sfr xo ro Sfr r-t
r~ x£> xO o  fr* fr* >—CO O'
0 r-t O O O' O' c O —t
• # • « e *
* 00 O' o  c r-t m sfr m
H r-t r-t (VI (VI (VI (V (XI (Vi
: o  o o  o o  c O C
: o  o o  o o  c O o
> o  o o  o O O o  o
: o  c o  c o  c o  c
» «
- 00 O' O -S (VI ro sfr in
J (VI (VI ro ro ro ro ro ro
- r—t r—t r—« r- t #—4 r— r—4 rH
m  ou m <r cr a




I I I I
O o 
o  o 
o  o  
O lO
*—f fr*
(O (Vj •00 fr* xC 
(0 (0(0
<0 «*s 











o  O o  
O Ci o  oc ir ; fr* • •
co <1 ro









o  o  o






f' f r -  m r - t  fr- CM sfr sfr 00 CM
fr (Vi c CD I f i r o  o fr* r o O '
t  ce  a fr- fr r- fr- x£> x£ tn
3 0  0 O  c o  o O  O o
•  •  • •  • e * #
1 1 t  1 1 t 1 1 t
3  0  0 O  o o  o o  o o
3 0  0 o  o o  o o  o o
3 0  0  0  0 o  o o  o o
t  (Vi un r - t  If] r o  O m  CM tn
•  *  «> *  4 *  # •  • «
o c e  a O  (0 vC O xfr O r - t
0  r - t  fr* r - t  ( f r o  rH xfr r - t r o
U r - t  O CD xC xfr (VJ O ' x£ F—S
I  r o  (vi (VI (VI ÎM (M r—t  r—t
H (VJ o fr -  i f fr -  xO fr-  -fr (M
D (VI O (VI r— fr-  (M fr -  f r f r
i (vj tn CM xfr O  (M 00 o fr-
D O  xfr O ' Sfr O  xO fM O fr*
*  « •  * •  • •
xi sfr LD nD  OC o  —t r o  m xD
1 r o  m r o  ro xfr xfr f r  f r f r
5 o  c o  c O  o o  o O
3 O  C o  c o  o o  o O
> O  O o  o o  o o  o o
:  o  c O  c o  c o  o o
• •  4 •  4 »  « •  • •
h o j  ro sfr i f x|j fr* 00 O ' o
Sfr •* xfr Sfr sfr sfr f r  f r i n

















D 4 ) tM CM co 4 —* ro n  43
a r - in  m CM —t 43 CM r-t O
UJ r - i O ' O' O  CM O' a ro  ro
00 4  © CO O ' —t n o  in
LL_ 00 > -  43 ro —« O  TO r -  un
















4 © —t O' CM CM i—t r—t 43 —t
o 43 LU o in  r - CO 4 —i 4) in  ao
CM > r—# ©  43 43 r - cm ro 43 CM
J— r - *—t: in —t o 4  —t X  o O ' O '
z • J— •  • •  * *  * *  »
n r - m  —4 r-4 CO r—t in  <m
J - O ' > O' ©  43 CM © CD 00
V ) in t—t 4 4  m co ro CM CM CM CM
z CL CM ! CM CM CM CM CM CM CM CM

















n  n O ' © ©  © ©  o
1 h - _ j O ©  o O' © ©  O ©  o
o n o O' © o  o o  ©
CM 3> UJ 'jJ U i O' © o  o ©  ©
t— • 43 O' © • *z 4 in  • 4 43 CM O' ro © x  in
< 1 in 4  TO OJ —t in ©4  * -
h— 43 _t —•m  —i n  in O ' o ro  x














1 O ' > o o  © O  © ©  © ©  ©
1 © _J o o © ©  ©o ©© o
1 4 a D O © © ©  o © © © ©
£LIf »—! ? O 43 r- 4  ro © in cr cm* Z3 X •
h- r—t o u o ro  in TO © cm ro 4  4)





vO K—* in '
in o xO
r - t  O  i n  
r-t l̂ r (VJ r**
^  fVJ (—* -4"
CO CO ice h -
O vO
r- -«
x£> vO k f  
xO iCO
•! •rl O b>
fw |r- 
CM (VJ i(\i 
CM CVJiCM I I I
o o 






































































_lO Ox ©x © o 
<s • 
U CM o 
O'







© 4 )  4 ) r -t O  O '
0  <j- r-t ao r^- O 'r-t D O ifijf̂  ©
O' o  in —t O' r-
•  *  | *  •  j •  •
ao r—• © 4) in 4)
43 —• O' CM CO n
co r— in n ^  ̂1 i i i i i
© © © 
o oo  
©  ©  I©  o o I©
ro  O '
S t  0 0  ICC  
43 4- CM
© © © o 
o o 
in  ©





o o o o © ©
©{© © o p  ©
O' CM O' 
•d- iPO <M 
—t © O' 4" 4" m
© o 
© o 
© o © o
CM ro













©  ©  
n  4  









n  — «'4" -4 1 I
*  'd-1
0  o  
ify vC* >o O'
•  •  
O' in O' oo no m1 i
o  o  o o 





o  o  
o  o  
o  oo o
sO r-
o  o  o o  






d- o  
• • 
n cr 
r- ou0 ro1 i
o  o  
|o o  




o  o  
- o  






(VJ NO 00 d-





o  o  
o o  









o  in n  
d" *M (M l l
o o jo 
o  o  





O o  
o  o  
o  o  
o  o








r>  ^  
ro ro
cr
o  o  
O- o  
o  o  
0,0
o  m 
ko ro
o  o  













2L ! ' i 1
a 1 1 1 !
1 •’ ; '
ih— j j i ' |< t ! ! ;
r > 1 ' ! ■HI i ! : r ~
© ! : <$ - »  r -
U I i ■ sO
t o ! ■ i !i i , i
&-
LU
O  CM 
Z P-











O0  «O 
O '
t—  O ' iz  *
<$ trv 













•» 1 I *—i 'NJ V ' XI '  » » .-r — r.
«O o <m m <n m >o O' m r-r in o >4- 
-̂t O  •-* 'O •-* oo c ^ C 'C t r N h ^ m r f S jh -e - t f A
r<v x \  to <\i oo •-* rofr*“ «-«cococMfviiACNf»-*
r-tC!ri<r<M—*0'f'-'<* ,>Jrr5U'irstao'*ct>,>̂ 
O 'O ,' C h O ' O ' O ' 0 o « > « > ® œ , ^ i ? ^ 'O 'O i r t t f x  
*  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  










ot> im  t/\ o  tn m  ^  oo '#• r-- arx sO in m o  >o
,£> *_* «_* JS. 0̂  •-* O' ©  m >o c  sr t*~ cm eom ■o tj' xo o  ^  <1% o
O ' K> O ' CD O  ^  ^  O  «-< <0 w-i CM ©  —-I
COe-t^'O'iOctVfM^^'COm CM •-* INI MX o
rn  m  r \ i  r—$ •—< t—t  r—r  •  * -*  « -* m  cm m  ^atx oo !
O O O O O O O O .  O O O O O O O O ©
f  f  § c e E B C t l B l  E i e B
COi#-4 i !
1 CO • ■ *R C CM _1 *© m o * ,tn M3 > *l- #— • * !z Z CM tn * '
6 1 <t *O&- o -r * * ©Oltn O * * O
z z *  * o-»D \  * o<2© © * eI- f © * COZ # * mLUi * <rz t ■* O'I *cd l j |LUl
Q. » j i
X i • •
CUI _> ; 1
l □ ; iLL l «0 >, © iO i in _J o
i © o a —« !adro O ►-* je <rLL \  «- 1CTi#— m o o soz Z S3 , © m
:d c m o oz i— I o cto m
o M)O • *
© © © O C O © © o © © © o o © 
o O O O O °  °  O o o o o o o o
O O O O O O O O O O O O O O O
o o o o o c>om>oi,̂ sro'rvrM>C'• f cei we. «i * ww* »w* * »»
m O' r\i si' vO ^  ^  ^  o  o  »—* m m O'
r^ O' O' CC 'T ^  «—* «v m o
co oo m  sO ©  sa rv  o  <o m  ->i* m  cm cm >o >r m tv eu ;
o
o o o o o o o o o o o o o o o
© O © O O <2 O © O O © O o o ccovoccixf^r^-^c-o^co^como 
cM0' « c - 4' f M ' - , f visr c ^ m c  —• o  o  m















■«r #—* O' * i'~ r— mj r~
:  o  txr >o cm r -  m  cm
»-» CM t n  l f \  <M
>o m >r o *-♦ M) O' *
cm oo •-* co >o h -  
pm s r  o  oc m  m  r-*
m  m  m  cm cm cm cm
e i  b e e b b
o  o
5 2  I_e O ;
<  *  ! 
c r  < n  
m
o o o o o o o o
CM ©  O  O  ©  O  ©  o
o  o  o  o  o o  o  «-# m >* c  © m ê-
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O'OCT'OCT'ONO'O'CT'CT'Ô 'C'Ô O'OO» # » * » » » • • # • • • # * • • #  
o o o o o o o o o o o o o o o o o
O  m  00 <X> <h h - O' r-4 to  r-4 fN  fO
rO N -̂i o «d- o oo «O h- r>- \0
cî"45̂ oroao—-««—too <m ■5h <o Ch <N <m
oorstxOOfOh-ocatnr̂ chOfMro OOÔ O'COn- f̂ vom-d-fororsi»—i
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